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I. I n t r o d u c t i o n  
It h a s  been found1 t h a t  t h e  s t r o n g  f o c u s i n g  a l t e r n a t i n g  g r a d i e n t  
t y p e  o f  h i g h  e n e r g y  a c c e l e r a t o r  h a s  r e s o n a n c e s  which a r e  due  t o  non- 
l i n e a r  t e r m s  i n  t h e  e q u a t i o n s  o f  mot ion  o f  t h e  p a r t i c l e  b e i n g  
a c c e l e r a t e d .  I n  t h i s  p a p e r  we w i l l  c o n s i d e r  j u s t  t h e  r a d i a l  b e t a t r o n  
o s c i l l a t i o n s  o f  t h e  p a r t i c l e  a b o u t  i t s  e q u i l i b r i u m  o r b i t .  We w i l l  
p r e s e n t  a  method f o r  s o l v i n g  t h e  n o n - l i n e a r  e q u a t i o n  which governs  
t h e  r a d i a l  o s c i l l a t i o n s .  The method p r e d i c t s  t h e  l o c a t i o n  o f  t h e  
r e s o n a n c e s ,  c a l c u l a t e s  t h e  s t a b i l i t y  l i m i t s  on t h e  a m p l i t u d e  of  t h e  
r a d i a l  o s c i l l a t i o n s  and a l s o  g i v e s  t h e  s t a b i l i t y  l i m i t  o r b i t .  The 
r e s u l t s  of  t h e  t h e o r y  w i l l  be  compared w i t h  t h o s e  o f  a  n u m e r i c a l  
c a l c u l a t i o n .  The agreement  seems q u i t e  good. 
T I .  G e n e r a l  D e s c r i p t i o n  o f  t h e  Method 
A The g e n e r a l  e q u a t i o n s  o f  mot ion  a r e  r a t h e r  c o m p l i c a t e d  and it i s  
cus tomary  t o  expand them a b o u t  t h e  e q u i l i b r i u m  o r b i t .  The l i r e a r  
equa t ion  f o r  t h e  r a d i a l  o s c i l l a t i o n s  of t h e  p a r t i c l e  has  t h e  form 
2 
r' 
i s  t h e  displacement  of t h e  p a r t i c l e  from i t s  e q u i l i b r i u m  
o r b i t .  n(e) i s  p e r i o d i c  i n  w i th  t h e  pe r iod  2 Y/N, N be ing  t h e  
2 
number of s e c t o r s  i n  t h e  machine. I f  ~-I(B) i s  chosen p r o p e r l y  , t h e  
s o l u t i o n s  of Eq. (2 .1)  a r e  s t a b l e  and have t h e  form 
wherek((@) i s  p e r i o d i c  i n  # w i t h  t h e  p e r i o d  ~ V / N .  2/ g i v e s  t h e  
number of b e t a t r o n  o s c i l l a t i o n s  t h e  p a r t i c l e  makes i n  going once 
around t h e  machine. 
It has  been found t h a t  i f  L/ happens t o  be n e a r  1/3 N ,  t h e n  t h e  
motion may become uns t ab l e .  Th i s  resonance i s  due t o  t h e  quad ra t i c  
term which was dropped i n  Eq. (2 .1) .  There a r e  many o t h e r  p o s s i b l e  
resonances  bu t  we w i l l  l i m i t  o u r s e l v e s  t o  t h e  2/,c 1/3 N resonance.  
The methods can be e a s i l y  extended t o  t h e  o t h e r  resonances .  
I f  we inc lude  t h e  quad ra t i c t e rm t h e  equa t ion  of  motion becomes 3 
&, 
where B ( 0  ) has  t h e  p e r i o d '  27//N. 
. I . 
It i s  more convenient  fo r  ou r  method t o  r e - w r i t e  Eq. (2.3)  
where we have p u t  ~ ( 6  ) = E o  - g (  B ) . Eo and g(&)  a r e  de f ined  ty 
r e q u i r i n g  t h a t  t h e  average v a l u e  o f  g ( e )  ove r  a pe r iod  be zero .  
n Before p r e s e n t i n g  ou r  procedure  f o r  so lv ing  Eq. (2.4) ,  we would 
l i k e  t o  review t h e  p r o p e r t i e s  of  t h e  l i n e a r  equa t ion .  I n  t h e  l i n e a r  
t heo ry  obeys t h e  equa t ion  
For ou r  purposes ,  w e  w i l l  d i s c u s s  t h e  s o l u t i o n s  of  t h e  s l i g h t l y  
more g e n e r a l  equa t ion  
and c o n s i d e r  t h e  s o l u t i o n s  of Eq. (2 .6)  f o r  a l l  v a l u e s  of  . 
It i s  known t h a t  Eq. (2 .6)  has  s t a b l e  s o l u t i o n s  o n l y  f o r  c e r t a i n  
I 
v a lues  of E . For t h e s e  "al lowedn v a l u e s  of  , t h e  s o l u t i o n s  have 
t h e  form 
P 
corresponding t o  t h e  v a l u e  of , Ey . 4 (b) i s  p e r i o d i c  i n  8 
with t h e  per iod  2 V/N. 
I n  Fig. 1 t h e  al lowed E-values, Ev,  
94 
i s  p l o t t e d  a g a i n s t  . Gaps appea r  
t h e  b p e r a t i n g  va lue  of  E ,  and f o r  t h e  motion 
t o  be s t a b l e  i n  t h e  l i n e a r  t heo ry ,  E, must 
no t  f a l l  i n s i d e  t h e  gaps. I n  t h e  l i n e a r  
t heo rv .  t h e  motion i s  a iven  bv 
r Now l e t  u s  r e t u r n  t o  t h e  n o n - l i n e a r  Eq. (2 .4) .  We w i l l  s t a r t  by 
cons ide r ing  a  s l i g h t l y  more g e n e r a l  equa t ion  
I? and l e t  us a sk  f o r  what va lues  of  W does ~ ~ . ( a . ' a )  have s t a b l e  s o l u t i o n s .  
we w i l l  s o l v e  Eq. (2.8) by u s i n g  a p e r t u r b a t i o n  procedure  s i m i l a r  
t o  t h a t  used i n  quantum mechanics. Every solution&v(8) of  t h e  l i n e a r  
equa t ion  (2.6)  corresponding t o  t h e  E-value E I/ w i l l ,  because of t h e  
B ( 0  )v2 , go ove r  i n t o  t h e  s o l u t i o n  c(O) of  Eq. (2.8) 
corresponding t o  t h e  'W- v a l u e ,  N1/ . We w i l l  show how a l i t t l e  l a t e r .  
We can then  draw a curve of t h e  al lowed W-values a s  i n  Fig. 2. 
We w i l l  show t h a t  a  new gap 
ampl i tude of  t h e  motion;  and it w i l l  be 
1 I 
l a r g e r  f o r  l a r g e r  ampl i tudes  $ N  * N  N \/ - 
appears  a t  $ = 1/3 N. However, t h e  I/J, 
s i z e  of  t h i s  gap w i l l  depend on t h e  
f i  
Fig. 2. 
-- - - 
The ques t i on  of s t a b i l i t y  i s  answered by where Eo f a l l s  i n  Fig. 
2 ,  s i n c e  ou r  p a r t i c l e  motion i s  g iven  by so lv ing  Eq. (2.8) wi th  W = Eo. 
If Eo does n o t  f a l l  i n  t h e  gap a t  d =  1 / 3 ~ ,  t h e  motion i s  s t a b l e .  
However, a s  t h e  ampl i tude of t h e  motion i n c r e a s e s ,  t h e  gap becomes 
l a r g e r  and'"Eo w i l l  e v e n t u a l l y  l i e  i n s i d e  t h e  gap and t h e  motion 
, becomes uns t ab l e .  Th i s  w i l l  determine t h e  s t a b i l i t y  l i m i t  ampli tude.  
To so lve  ~ ~ . f 2 . 8 )  f o r  y /  we w i l l  expand \Y i n  t e rms  of  t h e  s o l u t i o n s  
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F- &&)of Eq. (2.6). The s o l u t i o n s  kV(B) a r e  a  complete o r thogona l  
s e t .  They a r e  a  cont inuous complete s e t .  It i s  more convenient  t o  make 
them a  d i s c r e t e  se-t, which we can do by imposing t h e  bounlary cond i t i on  
on &v (0) t h a t  it be p e r i o d i c  between @ = 0 and 8 = T where T  is 
some a r b i t r a r y  l a r g e  ang le  which we w i l l  e v e n t u a l l y  l e t  become i n f i n i t e .  
The s o l u t i o n s  o f  t h e  l i n e a r  equa t ion  (2.6) can t h e n  be w r i t t e n  a s  
where 2 / :  LZ - $1 fs0, - +I r d % f 3 . . , ,  
-1 
The v a l u e s  o f  a r e  now d i s c r e t e  and t h e  469) form an orthonormal 
ifAv(o) i s SO normalized t h a t  i t s  average va lue  over  t h e  p e r i o d  
~ W / N  i s  one, 
Now expand 4 i n  &y (D 4 
y = ~  dr 1' A u ;  (8), (2.12) 
Vi  
and by p u t t i n g  t h i s  expansion i n  Eq. (2.8) we g e t  an equa t ion  f o r  t h e  4 b; 
(r- E ~ ~ Q ~ .  L = AV;, Y$ uK dV$ %, (2.13) 
where T 4' 
(2.14) 
Now we w i l l  s o l v e  Eq. (2.13) f o r  t h e  &v us ing  a  p e r t u r b a t i o n  pro- 
cedure which i s  v e r y  s i m i l a r  t o  t h e  "weak binding approximationn i n  
s o l i d  s t a t e  theory .  
Consider  t h e  p a r t i c u l a r  r e a l  s o l u t i o n  of t h e  l i n e a r  equa t ion  
aMAy-< which corresponds t o  t h e  E-value g4. Through t h e  p e r t u r -  
b a t i o n  BIB], t h i s  s o l u t i o n  w i l l  go over  i n t o  a  s o l u t i o n  of Eq. ( 2 .  P) 
with  a va lue  of //v which d i f f e r s  s l i g h t l y  from f . Thus t o  f i n d  t h e  
'5 
r- s o l u t i o n  of t h e  non- l inea r  Eq. (2.8) which corresponds t o  t h e  s o l u t i o n  
4 ~ ; ~  9 4 2 -V, of t h e  l i n e a r  equa t ion ,  we w i l l  f i r s t  assume t h a t  i n  
t h e  expansion Eq. (2.12) f o r  p, o n l y  hS, and $4 a r e  l a r g e  and a l l  
t h e  o t h e r  & a r e  smal l .  We w i l l  s e e  l a t e r  t h a t  t h i s  is  n o t  always t r u e .  
Thus t o  t h e  f i r s t  approximation,  Eq. (2.13) becomes 
(w- 4 )di = f?;,51 4 5 L + 2 8 ; , s ~ 4 Q r  t 8 i . 3 ~  L%;& (2.15) 
where we have w r i t t e n  = and - & pS f o r  
t h e  sake of b rev i ty .  
Le t  u s  n o t i c e  t h a t  t h e  mat r ix  element t$,j w i l l  van i sh  u n l e s s  
where (& : nbW , and n  is any p o s i t i v e  o r  nega t ive  i n t e g e r .  
This  fo l lows  i f  one expands g(b)9 which i s  p e r i o d i c ,  a s  86): 2 gh e iu,,e 
n n 
and p u t s  t h e  expansion i n t o  EQ. (2.14). 
Thus t h e  mat r ix  elements 8;, u, 61, 5 5 ,  8;. F< w i l l  van i sh  u n l e s s  
=L2vs+NI ,  ov t =  who L 
We w i l l  s ee  now t h a t  t h e  l e v e l s  ES do n o t  g e t  s h i f t e d  u n l e s s  Vs 
+)j W, . The two l e v e l s  corresponding t o  g5 . f & d ~ n  w i l l  g e t  
s p l i t  a p a r t  and a  gap appears  i n  t h e  allowed E v a l u e s  of t h e  non- l inea r  
Eq. (2.8) around Vs= k)# a s  shown i n  Fig. 2. 
3 0 
The s h i f t  i n  t h e  l e v e l  Es i s  g iven  by Eq. (2.15) by p u t t i n g  
L = $ and i, =5. 
s i n c e  $ ST: &,SS- 0 by Eq. (2.16) u n l e s s  g =  Wg which we assume Is 
not  so.  
Also f o r  , we g e t  
I d -  Es)  d; = 8 5 5 5  46% (2.17b) 
NOW Bs,5j = 0 u n l e s s  1 / = ) W  by Eq. (2.16).  So i f  5 3 4  
- 7 -  
F. Vs # wfi p=&; t h a t  i s ,  t h e r e  i s  no l e v e l  s h i f t .  J 
For g : i&w4,gs, i i  * D  9 and 
we g e t  a  s p l i t t i n g  of t h e s e  l e v e l s  which we can f i n d  by mu l t i p ly ing  Eq. 
(2.17a) by Eq. (2.17b) and f i n d  t h a t  
Note t h e  s p l i t t i n g  depends on /os/ t h e  ampl i tude of t h e  motion. 
For I 4  -& Wh but 1/5 # &  & we a l s o  g e t  a  s h i f t  i n  t h e  
l e v e l s  which i s  n o t  shown b y  Eq. (2.15) s i n c e  it t u r n s  o u t  t h a t  f o r  
-4 ~n b u t  y! #4 Wn Eq. (2.15) i s  no t  v a l i d  a s  some o t h e r  be s ides  
was 
Q5 and d3 can g e t  l a r g e  as,,assumed. Th i s  ca se  i s  t r e a t e d  i n  
, appendix  A. 
By Eq. (2.18) t h e  gap shown i n  F ig .  2  has  t h e  width  S / B ~  zz //dSl 
c d$&. I f  Eo, t h e  o p e r a t i n g  p o i n t ,  f a l l s  o u t s i d e  t h e  gap, t h e  motion i s  
s t a b l e .  Suppose Eo l i e s  below t h e  gap. Then by i n c r e a s i n g  d5 we can 
b r ing  t h e  gap down u n t i l  Eo l i e s  i n s i d e  t h e  gap and t h e  motion becomes 
uns t ab l e .  Th is  w i l l  happen when &,/becomes so  l a r g e  t h a t  
o r  / A , , =  I rs-  Le 1 
where ) ~ s , r  ? I  
Eq. ( 2 . l ~ )  g i v e s  t h e  s t a b i l i t y  l i m i t  ampli tude3 t h a t  is ,  t h e  l a r g e s t  
p e r m i s s i b l e  ampl i tude )&/ be fo re  t h e  motion becomes uns t ab l e .  
The phase of i s  a l s o  determined by Eq. (2.17a) 
phase  dS = 1/3 C phase BS ~2 - phase ( E .  -,&g )1.20) 
It might be n o t i c e d  t h a t  one can  add f 1 ~ 1 ~  t o  t h e  above phase. 
TMs  i s  because t h e r e  a r e  t h r e e  s t a b i l i t y  l i m i t  o r b i t s  which d i f f e r  on ly  
by a  s h i f t  a long  6 by 3 / i ~ / ~  a 
F i n a l l y ,  l e t  u s  n o t i c e  t h a t  t h e  equa t ion  of  t h e  s t a b i l i t y  l i m i t  
o r b i t ,  which i s  t h e  s t a b l e  o r b i t  having t h e  l a r g e s t  ampl i tude,  i s  
g iven  by 
where 1/5 = 4 W,, . 
E q u a t i o n ~ ( 2 . 1 9 ) ~  (2.20) and (2.21) g i v e  a l l  t h e  g e n e r a l  r e s u l t s  about  
t h e  s t a b i l i t y  l i m i t  o r b i t .  I n  t h e  nex t  s e c t i o n  we w i l l  g ive  a p p I f c a t i o n s  
of t h e  above g e n e r a l  r e s u l t s .  
One might n o t i c e  t h a t  it i s  v e r y  ea sy  t o  improve t h e  r e s u l t  Eq. 
(2.21) f o r  t h e  s t a b i l i t y  l i m i t  o r b i t  by computing t h e  o t h e r  4~ i n  
t h e  expansion Y = 5&,&;;(8 us ing  t h e  r e s u l t  Eq. (2.15) and t h e  
above r e s u l t s  f o r  . s 
- 111. Discuss ion of  R e s u l t s  
I n  t h i s  s e c t i o n  we i n t e n d  t o  i l l u s t r a t e  o u r  g e n e r a l e r e s u l t s  
Eqs. (2.19) t o  (2.21) by t r e a t i n g  a  p a r t i c u l a r  non - l i nea r  equa t ion  
which has  a l s o  been so lved  by numerical  c a l c u l a t i o n .  We w i l l  a l s o  d i s c u s s  
t h e  p o i n t s  of  t h e  t h e o r y  which a r e  n o t  e n t i r e l y  c l e a r .  
We w i l l  t r e a t  t h e  d i f f e r e n t i a l  equa t ion  which a r i s e s  i n  t h e  
d i s c u s s i o n  of  s p i r a l  s e c t o r  t ype  of  FFAG machines4 For  Eq. (2 .8 ) ,  we 
We w i l l  choose t h e  fo l lowing  paramters  which a r e  c h a r a c t e r i s t i c  
of t h i s  t ype  of machine) N = 40, 4 ~ d $  = -135, g1/hl2 5 5180  and 
2  
B,/N = -090. 
Acco rd ing . to  t h e  l i n e a r  t h e o r y  t h e  motion o f  t h e  p a r t i c l e  i s  g iven  
I 
" " . (0)  where 4v0 (0) by 4 = @)+a hVo,, i s  t h e  s o l u t i o n  of t h e  
equa t ion  
For o u r  parame.:-err., we f i n d  t h a t  2/,, /N = .387. 
Now t o  c a l c u l a t e  t h e  s t a b i l i t y  l i m i t  ampl i tude and o r b i t  we use  
Eqs. (2.19) t o  (2.21).  The s t a h i . l i t y  l i m i t  o r b i t  i s  g iven  by Eq. 
where i s  t h e  i t a b i l i t y  l i m i t  ampl i tude  given by Eq. (2.19) which 
we w i l l  c a l c u l a t e  a  l i t t l e  l a t e r ,  and i s  t h e  s o l u t i o n  o f  t h e  
l i n e a r  equa t ion  f o r  which J/M = 1/3. One should n o t  confuse 3 
wi th  , t h e  , s o l u t i o n  of Eq. (3 .2) ,  which g i v e s  t h e  motion f o r  
smal l  ampli tudes.  
4 may be c a l c u l a t e d  wi th  an accuracy  of  perhaps  5% o r  lo%, by t h e  5 
fo l l owing  formula ( s e e  Appendix B) 
rC 
(8) = e i"" {I - % /- I a& e - i  he 
- , = i  ~ e 3  (3.4) 
-41_ I 
,l,z /+aH z7 
We w i l l  now compute t h e  s t a b i l i t y  l i m i t  ampl i tude,  @) , which i s  
3 
given  by Eq. (2.19).  I f  ES = E l l 3  i s  c l o s e  t o  Eo, t h e  o p e r a t i n g  E- va lue ,  
we can w r i t e  
where a E d J  9 i s  eva lua t ed  a t  2/ = 1/3~. Note t h e  E h e r e  i s  
t h e  E (  1/ ) of t h e  more g e n e r a l  equa t ion  (2.6). To compute aE& 9, 
we may use  t h e  formula '+'or E (  1/) ( s e e  Appendix B) . 
Thus we f i n d  
a & 
- -  2 
- [I- q55)=JJ a v N 
P 
The ma t r ix  element 8% 5.5 which appears  i n  Eq. (2.19) remains t o  
be c a l c u l a t e d .  Bz, 555 i s  g iven  by. 
It i s  worth r e c a l l i n g  Ymre t h a t  we have used t he s t a  ndard box normali-  
z a t i o n  used i n  quantum mechanics t o  make energy l e v e l s  d i s c r e t e  and T  
i h  Eq. (3.8) w i l l  e v e n t u a l l y  become i n f i n i t e  and w i l l  n o t  appear  i n  
t h e  f i n a l  answer. 
Using Eq. (3.4)  we f i n d  t h a t  
t o  about  10% accuracy.  One might n o t e  t h a t  we dropped t h e  f a c t o r  of  
I 
- 
yr F which should be i n  Eq. (3.4) and we s h a l l  omit a l l  t h e s e  f a c t o r s  
a s  t h e y  w i l l  n o t  appea r  i n  t h e  f i n a l  answer. 
.Al toge ther ,  we may w r i t e  f o r  t h e  s t a b i l i t y  l i m i t  ampl i tude Ql/ , 3 
(3 .10)  
For ou r  parameters we f i n d  t h a t  /a& / = .296. 
- The phase of  84 i s  g iven  by Eq. (2.20). S ince  Bs, 5 1 - 
* - i , phase Bs,zS s - 94 0 . Phase ( E ~  - E ~ ~ ~ )  = 0 s i n c e  B E ,  I - J 
Eo 7 E l l 3  a s  v,, /N 7 113. Thus by Eq. (2.20), phase QYJ = -30'. 
We now can compute t h e  s t a b i l i t y  l i m i t  o r b i t  u s ing  Eq. (3.3). The 
6  
o r b i t  has  a l s o  been computed numer i ca l l y  u s i n g  t h e  I l l i a c  Computer 
a t  t h e  U n i v e r s i t y  of  r l l i n a i s .  However, t h e  numertcal  calculatiofi was 
done n o t  wi th  t h e  Eq. (3.2)  bu t  f o r  t h e  e x a c t  equa t ions  of  motion. 
This  means t h a t  t h e  numerical  computat ion i nc ludes  t h e  e f f e c t  o f  t h e  
h i g h e r  o r d e r  t e r n s  p a s t  t h e  term kept  i n  Eq. (3.3) .  
I n  Fig.  3 we have compared t h e  t h e o r e t i c a l  and computed va lues  of ,f$b). 
I n  Fig.  4 we have t h e  same comparison f o r  &/A@ . The agreement seems 
f a i r l y  good and adds  weight  t o  t h e  argument t h a t  n e a r  t h e  $h resonance 
it i s  s u f f i c i e n t  t o  keep j u s t  t h e  term i n  t h e  equa t ions  of 
motion. It i s  p o s s i b l e  t h a t ,  i n  a  s i m i l a r  manner, n e a r  t h e  fiN reso-  
nance,  it i s  s u f f i c i e n t  t o  keep j u s t  t h e  cub ic  t e rm and s i m i l a r l y  f o r  
o t h e r  resonances .  Th is  l a s t  c o n j e c t u r e  remains t o  be t e s t e d .  
A s imple ,  rough formula f o r  t h e  s t a b i l i t y  l i m i t  ampl i tude which 
g i v e s  a  measure of t h e  l a r g e s t  pe rmi t t ed  r a d i a l  d isplacement  and 
which seems t o  work q u i t e  w e l l  can be ob ta ined  from Eq. (2.19). I f  
i n  Eq. (2 .19)  we assume that,#,!$(b)= e Z p ( i ~ ~ )  and t h a t  E h)=g2 J 
- 
which means we assume t h a t  t h e  Flocquet  s o l u t i o n s  a r e  j u s t  s i n e  waves, 
t h e n  we f i n d  f o r  A = 2 1441 
The r e s u l t  of Eq. (3.11) was p r e v i o u s l y  ob ta ined  by Drs. L. J. 
L a s l e t t  and A. M. S e s s l e r .  
I V .  Cubic Resonances 
The method p re sen t ed  i n  t h e  p rev ious  s e c t i o n s  can be a p p l i e d  
wi thout  much change t o  t h e  o t h e r  resonances  i n  t h e  r a d i a l  motion. We 
w i l l  g i v e  he re  t h e  r e s u l t s  f o r  t h e  cub ic  term. We w i l l  t r e a t  t h e  non- 
l i n e a r  equa t ion  
The method of  Sec t .  IT. when a p p l i e d  h e r e  w i l l  show t h e r e  a r e  
resonances  f o r  9 = if-N. and f o r  a l l  i n t e g r a l  m u l t i p l e s  of f N .  we . 
w i l l  g i v e  t h e  r e s u l t s  on ly ,  and l i m i t  o u r s e l v e s  t o t h e  resonance 
v' = + w  . . . . .  . . 7 ,.  . ~ - .  . ' I  
- 1 2  - 
f- The s t a b i l i t y  l i m i t  o r b i t  i s  g iven  by 
whereh4(8) i s  t h e  s o l u t i o n  of t h e  l inea ;  e q u a t i o n  (2 .6 )  f o r  2/ /N 
= 1/4. The s t a b i l i t y  l i m i t  ampl i tude i s  g iven  by 
where El l4  i s  t h e  E-value i n  t h e  l i n e a r  equa t ion  (2 .6 )  which g i v e s  
= 1/4, ano C= Cr,slJ i s d e f i n e d  by 
7? 
C r , s s s = f i k : ( a )  e f i )k ;  b )  (4 .4 )  
wi th  = 1/4N i n  complete analogy wi th  8; s~ , i n  t h e  q u a d r a f l i  
resonance case .  
The phase of 
phase  9 = 1/4 
where 1)5 = d. h / .  
Y 
The r e s u l t s  f o r  t h e  1/4N resonance have n o t  been t r e a t e d  
numer ica l ly  s o  f a r .  
A simple rough formula analogous t o  (3.11) can a l s o  be ob ta ined .  
The l a r g e s t  s t a b l e  r a d i a l  d i sp lacement  i s  approximately  g iven  by 
where C1 i s  t h e  f i r s t  F o u r i e r  component i n  t h e  expansion 
I would l i k e  t o  thank  D r s .  S e s s l e r ,  L a s l e t t ,  Cole and Ohkawa of  
t h e  MURA Group f o r  much d i s c u s s i o n  of t h e i r  r e s u l t s  f o r  t h e  r a d i a l  
o s c i l l a t i o n s .  
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APPENDFX A 
The method p re sen t ed  f o r  f i n d i n g  t h e  s h i f t  i n  t h e  E v a l u e s  of  
t h e  l i n e a r  equa t ion  (2 .5 )  caused by t h e  non - l i nea r  p e r t u r b a t i o n  
B (  d )f i s  n o t  q u i t e  r i g h t .  Th is  i s  because tKe l e v e l s  of Eq. (2 .2)  
a r e  degenera te  and we used a  non-degenerate t ype  p e r t u r b a t i ~ n  theo ry .  
However, t h e  method happens t o  be r i g h t  when i s  e x a c t l y  equa l  t o  
1/3 I+, and when i s  f a r  from 1/3 h+. 
We would l i k e  now t o  c o r r e c t  o u r  method so  a s  i o  o b t a i n  t h e  c o r r e c t  
equa t ions  f o r  t h e  l e v e l  s h i f t s  f o r  a l l  v a l u e s  of 1/ . I n  p e r t u r b a t i o n  
t h e o r y ,  we have a  degene ra t e  ca se  i f  t h e r e  a r e  two l e v e l s  w i th  E - va lues  
Es snd Es* f o r  which Es = Eshand f o r  which t h e  m a t r i x  element of  t h e  
p e r t u r b a t i o n  which connects  t h e s e  two l e v e l s  does. no t  vanish .  I n  
P 
our  ca se  t h e  r e l e v a n t  m a t r i x  element *is BS' ,ss. I f  t h i s  s i t u a t i o n  
occurs  t h e n  i n  f i n d i n g  t h e  s h i f t  i n  t h e  l e v e l  E,, we must assume t h a t  
no t  on ly  L& is  l a r g e  bu t  a l s o  dsl . 
A t  f i r s t  g l ance ,  a l l  t h e  l e v e l s  seem degene ra t e  s i n c e  f o r  any 
l e v e l  Es t h e r e  i s  always t h e  l e v e l  QSt = - V s  f o r  which E s l  = E,. 
However B s t  ,ss w i l l  always van i sh  unie.ss ijs = f #,. For is = 1/3 
Nh t h e  case  i s  degene ra t e  and t h e r e f o r e  b o t h g ,  and qs /  should be 
t r e a t e d  a s  l a r g e .  However, both 0, and 4 = Qz were cons idered  
a s  l a r g e  i n  ou r  t r e a t m e n t  and o u r  method f o r  /s = +Idh i s  s a t i s -  
f a c t o r y .  
It would seem t h a t  t h e  ca se  Js = 1/3 LJbis t h e  on ly  degenera te  
case .  However, t h e  ca se  where J s  i s  c l o s e  t o  1/3 Oh i s  a l s o  
e s s e n t i a l l y  degene ra t e  f o r  t h e r e  e x i s t  o t h e r  l e v e l s  E s t  f o r  which 
f- 
E s l  i s  c l o s e  t o  Es and f o r  which. the  r e l e v a n t  m a t r i x  elements do n o t  
van ish .  ^ This  s i t u a t i o n  i s  ve ry  s i m i l a r  t o  t h a t  which occurs  i n  t h e  
weak binding approximation i n  s o l i d  s t a t e  theory .  
Indeed,  it t u r n s  o u t  t h a t  i n  t h i s  s ense  t h e  l e v e l s  E/ r(1/3)  Wh 
b u t  gs +(l/3).wylare no t  on ly  degene ra t e  b u t  many-fold degene ra t e ;  
t h a t  i s ,  t h e r e  a r e  many l e v e l s  E s J f o r  which Q s t  must be cons idered  
l a r g e  a s  w e l l  a s  4 ,. This  makes it ve ry  d i f f i c u l t  t o  f i n d  t h e  s h i f t  
i n  t h e  l e v e l s  i n  t h i s  case .  
Fo r tuna t e ly ,  it does n o t  appea r  t o  be neces sa ry  f o r  o u r  purposes  
t o  be a b l e  t o  s o l v e  t h e  ca se  I/, -(1/3)~, b u t  9, ?t(1/3)&. Never- 
t h e l e s s  we would l i k e  t o  p r e s e n t  t h e  fo l lowing  approximate t r e a t m e n t  
which should no t  be t o o  f a r  from t h e  t r u t h  bu t  whose accuracy  i s  a  l i t t l e  
u n c e r t a i n .  
S ince  we a r e  i n t e r e s t e d  i n  f i n d i n g  t h e  s h i f t  i n  t h o s e  l e v e l s  f o r  
which 9 i s  c l o s e  t o  1/3 %, we may assume t h a t  V/s,yr where 
/C S 
dr = 1/3 hJh. Now we w i l l  l i n e a r i z e  o u r  non - l i nea r  equa t ion  
2 (2.8) by r e p l a c i n g  one i n  t h e  $1 t e rm by )lr, t h e  s o l u t i o n  f o r  E/, 
= 1/3 U,. Our l i n e a r i z e d  equa t ion  becomes 
where c ( B )  = B ( B )  Vr(&), a n d %  = & u , / B ) + ( ~ F  k~li b) 
NOW we proceed a s  before -and  expand p =  < 4 ~ ~  (6) and g e t  
L ' 
t h e  equa t ion  f o r  t h e  4; , 
where 
Z 
Note t h a t e ;  = 0 ,  u n l e s s  2 = 1/.~ f 2/, +W 
P 3 We wish t o  f i n d  t h e  s h i f t  i n  t h e  l e v e l g s  where -,/, ,2/, = 
1/31$,," F i r s t  l e t  u s  n o t i c e  t h a t  t h i s  l e v e l  i s  degenera te .  Le t  u s  
7- r e s t r i c t  o u r  a t t e n t i o n  t o  t h e  case  -Jr = 1/3 (3, = 1 / 3 ~ .  Then it i s  
c l e a r  t h a t  t h e  l e v e l  2/5 1 = - 7 
-vr + i s  degene ra t e  w i th  7/, 
and we must cons ide r  n o t  on ly  4 and (Zi( vzr- us ) a s  l a r g e  b u t  a1 so  
Q s ~  and 4; . Es and E ~ !  a r e  n o t  e x a c t l y  equa l  b u t  t h e y  may be w r y  
c l o s e  and t h e  l e v e l s  a r e  e s s e n t i a l l y  degenera te .  
By r e t a i n i n g  on ly  4 , and 4 s' i n  t h e  r i g h t  s i d e  of Eq. ( ~ ~ 2 )  
we g e t  ou r  p e r t u r b a t i o n  equa t ions  f o r ,  t h e  42 . 
I 
I f  i n  t h e s e  equa t ions  we p u t  i = s ,  s'  , 7 , ;/ we w i l l  g e t  t h e  
equa t ions  f o r  t h e  l e v e l  s h i f t s .  Thus we g e t  f o r  i = s ,  
- - /  Note t h a t  C 5 F f  = 6% r I 
P 6 
and t h a t  C z f 5  = 5 r :  r-5 & ,  
Thus t h e  l e v e l  s h i f t  i s  g iven  by 
- - E ) = I B ~ ,  r f i  2 (A. 5 1 
- 
f 4 - 
where we have p u t  13% F 3 ~ P , P  r .  
Eq. ( ~ . 5 )  g i v e s  t h e  s h i f t  i n  t h e  l e v e l s  Es and E S /  , one of  
which l i e s  above Er and t h e  o t h e r  l i e s  below Er , f o r  a  g iven  
ampl i tude of t h e  m o t i o n 9  r. 
The accuracy t o  be expected by u s i n g  (A.5) i s  probably  no t  v e r y  
good. L i n e a r i z i n g  i s  a  dangerous and t r i c k y  procedure.  However 
t h e  r e s u l t s  do g ive  a  c o r r e c t  p i c t u r e  of  t h e  l e v e l  s h i f t s .  A s  
we mentioned p rev ious ly ,  we do no t  have t o  be a b l e  t o  s o l v e  t h i s  
p a r t i c u l a r  a s p e c t  of theproblem t o  e s t a b l i s h  t h e  main r e s u l t s  of 
F- 
t h i s  paper.  
m - 2 0 0  
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f i  
There i s  o n e . p o i n t  i n  t h e  method which i s  no t  c l e a r  and i s  worth 
p o i n t i n g  ou t .  I n  s o l v i n g  t h e  n o n - l i n e a r  equa t ion  (2.8) we s a y  t h a t  i f  
Eo happens t o  f a l l  i n  t h e  gaps shown i n  Fig. 2,  t h e n  t h e  motion i s  
u n s t a b l e  and i f  it does  no t  f a l l  i n  one of t h e  gaps t h e  motion i s  
s t a b l e .  It i s  n o t  c l e a r  what i s  meqnt by u n s t a b l e  here .  It does n o t  
n e c e s s a r i l y  mean t h a t  t h e  s o l u t i o n  w i l l  grow e x p o n t i a l l y  a s  i s  t r u e  f o r  
t h e  l i n e a r  equa t ion .  A l l  t h e  t h e o r y  c?r. say 2 t  p r e s e n t  i s  t h a t  i f  Eo 
f a l l s  i n  a  gap t hen  t h e  s o l u t i o n  can no t  be r ep re sen t ed  by a  s imple  
combination of on ly  a  few of t h e  s o l u t i o n s  of t h e  l i n e a r  equa t ion ,  
and t h u s  it is  v e r y  l i k e l y  t h e  motion ha,: depar ted  g r e a t l y  from t h e  
motion given by t h e  l i n e a r  equa t ion .  
Appendix g 
r*. I n  t h i s  appendix we would l i k e  t o  o b t a i n  t h e  formula f o r  t h e  
F locque t  f u n c t i o n s  used i n  S e c t i u n  111.. Various people ,  Drs. L a s l e t t ,  
Vogt-Nilsen, and Adle r  have developed methods f o r  c a l c u l a t i n g  t h e  
Flocquet  f u n c t i o n s  w i th  good accuracy.  The formulas  we w i l l  g i v e  have 
t h e  p a r t i c u l a r  advantage of  being s imple  i n  form which being reasonably  
a c c u r a t e  when J /N i s  n o t  n e a r  ,r .  which i s  ukua l ly  t r u e  i n ' o u r  
c a l c u l a t i o n s .  
We wish t o  s o l v e  t h e  equa t ion  
LU " - J 
We w i l l  f i r s t  g ive  t h e  r e s u l t s .  The s o i u t i o n s ~ / ~ ( h ) a r e  g iven  by. 
A= e 
b ' -B wn 
F- Where 9 4  a r e  t h e  f o u r i e r  A -  e- 
and u, = nN. The formula (I3.2) ho lds  b e s t  when ij ( N  c<)) and w i l l  
do f a r i l y  w e l l  f o r  2 / / / 1 / ~  -3 . 
- 17 - 
7- 
The allowed E - values, ~ ( d ) ,  aae given by 
Formulas (~.1) and (B.2) are easily established by using the 
standard perturbation theory of quantum machanics. We take as the 
unperturbed equation, 
which has the solutions pu = JZIZb h' y@) 
and the 1 - values s V 2- 
We can make these solutions discrete by box normalization and by first 
order perturbation theory AV is given by 
P 
which gives Eq. (B.2) immediately. 
The allowed E(J) is given by second order perturbation theory as 
(~.6) says then that I 
n - - a  U ~ - / U + W ~ ) *  (8.7) 
In (B.7) let us combine the t e n s  of n and -n. Then 
If we expand in powers of $ an6 keep terms up to (ill/@n)? we get 
lJJh 
f i  the- result Eq. (B.3). 
The accuracy of Eq. (B.3) for ~ ( d) can be observed in Table I. 
In this table, E ( J )  has been computed both by Eq. (B.3) and exactly 
P Fig. 1. A comparison of  t h e  s t a b i l i t y  l i m i t  o r b i t  a s  found 
by t h e  t h e o r y  and by d i r e c t  numerical  c a l c u l a t i o n .  (1/2.3w i s  
p l o t t e d  a g a i n s t  N B / ~ .  The s o l i d  l i n e  i s  t h e  numerical  r e s u l t .  
The broken l i n e  i s  t h e  t h e o r e t i c a l  r e s u l t .  

Fig, 2. A comparison of the s t a b i l i t y  limit orbit  as  found by the 
theory and by d irect  numerical calculation. (1/2.3)dq/d8 is 
plotted against ~8/3. The s o l i d  l i n e  is  the numerPcal result .  
The broken line i s  the  theoretical  resu l t .  

Table I. The E - values  o f  Eq, ( B . 7 )  a s  computed by the  theoryD 
Eq. ( ~ ~ 3 )  and exact ly .  The exact  values  were taken from the  t a b l e s  
of Belford, Las le t t  and Snyder, Tables pertaining t o  Solut ions  of a 
H f l l  Equation, W R - e p o r t s ,  
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